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I. INTRODUCTION
Superradiance is a phenomenon where a field satisfying certain conditions is amplified by its interaction with a dissipative system [1] . In the black hole superradiance [2, 3] , the interaction of scalar, electromagnetic or gravitational fields with the black hole event horizon, which behaves as a one way membrane mimicking a dissipative system, causes the field to be amplified, if the field satisfies the superradiance condition. The condition for superradiance for Kerr black holes is ω < mΩ h [4] [5] [6] where ω is the frequency of the wave, m is the azimuthal number, and Ω h is the angular velocity of the horizon of the black hole. The physics of superradiance and several aspects of black hole superradiance is discussed in an excellent review [1] and we refer this review for further information.
The superradiance instability requires a mechanism such as a potential barrier, which localize the field near the horizon of the black hole and do not permit scattered waves to escape to infinity. The continuous reflection of the amplified waves from the barrier towards horizon may lead to an instability of the black hole, i.e., its rotational energy and angular momentum is decreased by such a process. It is well known that the Schwarzschild black holes are stable [7, 8] against such perturbations. More general black holes, however, may develop instabilities under certain conditions. For example, although the Kerr black hole is stable under massless scalar, electromagnetic or gravitational perturbations [9, 10] , a massive scalar field may cause superradiant instability on this black hole [11] [12] [13] [14] [15] , since the mass term acts as a natural mirror. In order to imitate the conditions leading to the superradiance instability, the black hole bomb mechanism is often used [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . In that mechanism the black hole is though to be surrounded by a hypothetical reflective mirror leading the field to be amplified back by the black hole, resulting an instability. The use this hypothetical setting helps to analyse certain aspects of this instability such as the time scale of the instability and the relation of the instability with the parameters of the black hole, the field or the mirror.
Although their astropyhsical importance is limited, the black holes living in an AdS spacetime have become very important after the Gauge/Gravity duality is introduced [32] . Thus, it has become a necessity to explore the stability of these black holes under different perturbations, such as the superradiance instability. Since the boundary of AdS spacetime behaves as a mirror wall, a black hole living in an AdS space time may be unstable against superradiance as well, similar to the black hole mechanism. Actually, it is well known that large AdS black holes are stable [33] . However, the four dimensional rotating small [34, 35] or charged [36] AdS black holes are unstable against superradiance instability of a scalar or charged scalar field. In five dimensions, it was shown that small charged AdS black holes with two rotation parameters are also unstable [37] . This instability is also reported for five dimensional hairy AdS black holes in [38] . Superradiance also leads to gravitational instabilities for AdS black holes in four and higher dimensions [40] [41] [42] [43] [44] [45] . Recently, small charged static AdS black holes in D dimensions are also shown to be unstable [39] againts superradiance, together with the correction of an erroneous conclusion of [37] that for certain values of orbital number l, the instability is not triggered in five dimensions. Actually, this is corrected using a numerical approach, since for those particular values of l, analytical methods fail in their case. In this paper, our aim is to investigate the stability of rotating AdS black holes in arbitrary dimensions against scalar perturbations using the analytical methods. We will especially show that, for rotating black holes, unlike static ones, the analytical method is applicable for any (positive) value of orbital quantum number. We also compare these results with the superradiance instability of D dimensional singly rotating Myers-Perry black holes under scalar perturbations in the black hole bomb mechanism in which we review in Appendix and find a perfect agreement with the previous results [18, 25] .
II. SUPERRADIANCE INSTABILITY OF MYERS-PERRY-ADS BLACK HOLES

A. Metric and Its properties
A general D = 4 + n dimensional rotating-AdS black hole is given by the Myers-Perry-AdS solution [46] [47] [48] . Here we consider the special case where only a single non-vanishing rotation parameter a [46, 49] exists. This spacetime is described by
This black hole has physical mass µ and angular momentum J given by [50, 51] 
where A D−2 is the area of the unit D − 2 sphere. The angular velocity of the horizon with respect to rotating infinity is given by
and corresponding expression for the non rotating infinity relevant for black hole thermodynamics is Ω = Ω h + a/ℓ 2 . The event horizon of this black hole, r = r h , is located at the largest root of the equation ∆ r (r) = 0. There is a BPS like upper bound [52] on the rotation parameter, i.e. |a| < l, otherwise the metric describes a naked singularity. These black holes also suffer from an ultraspinning instability [53] . It was demonstrated in [40] for four dimensional Kerr-AdS black holes that superradiance instability is present if the horizon angular velocity satisfies Ωℓ < 1 and the endpoint of the instability is described by a Kerr-AdS black hole whose boundary is an Einstein universe rotating with the speed of light or equivalently the co-rotating Killing vector becomes space-like and in equilibrium with a scalar field cloud.
B. Klein-Gordon Equation
In this subsection we consider the Klein-Gordon equation for a scalar field Φ with massm of the form
Since this equation is known to be separable [46, 54, 55] for general Myers-Perry-AdS black holes, we can consider the following ansatz for the scalar field
The resulting equation separates into its angular and radial parts as follows:
Here the terms j(j + n − 1) are the eigenvalues of the spheroidal equation for Y of the n-sphere [56] with j assuming integer values. We need the eigenvalues λ jlm of the angular equation (8) where the eigenvalues of this equation for four [57] , five [37] and higher dimensions [58] is discussed recently. In the slow rotation low frequency limit, i. e. aω ≪ 1, for also the case the mass of the scalar field is very small such thatm 2 a 2 ∼ 0, the eigenvalues λ jlm of the Kerr-AdS spheroidal harmonics can be expanded into a Taylor series as
where l is a positive integer which satisfy l ≥ j + |m|, and certain terms off p is given explicitly in [57, 58] . We take m positive integer in this work. The crucial point here is that the terms λ jlm have small correction terms added to l terms, which prevent this term to be an exact integer, unless the rotation parameter a vanishes, as in the case of static black holes. The radial equation cannot be solved analytically but using the matched asymptotic expansion method, presented first by Starobinsky [5] , we can obtain the asymptotic solutions near the black hole horizon and in the far region. Their matching at the intermediate region will enable us to calculate the correction term to the frequency of the wave and subsequently determine the existence of the instability.
C. Asymptotic Behaviour of the Scalar Field and the Superradiance Condition
In order to discuss the asymptotic behaviour of the scalar field, it is useful to introduce a tortoise coordinate r * by considering the transformation r = r(r * ) of the radial coordinate and the wave function as follows:
These transformations bring the radial equation into a Schroedinger like form
where the potential term V (r) is given by
Near the horizon r → r h , since ∆ r ∼ 0, the potential term becomes
This implies that the solution near horizon becomes, in the classical limit where only the ingoing waves present, R(r → r h ) ∼ e −iωt−i(ω−mΩ h )r * and that the superradiance condition
where the field is amplified when the frequency of the wave satisfies this condition. As r → ∞ the potential becomes infinitely large, implying the vanishing of the scalar field at radial infinity, i.e.
As a consequence of these observations, the appropriate boundary conditions turns out to be the Dirichlet boundary condition at the radial infinity and incoming wave boundary conditions on the horizon of the black hole.
D. Near-Region Solution
Here we solve the radial part of the Klein-Gordon equation at the region near the event horizon of the black hole r ∼ r h in the slow rotation low frequency limit, noting that near the horizon the effects of the cosmological constant is negligible. We also assume that the Compton wavelength of the perturbations are much larger than the size of the horizon. i. e. ,mr h ≪ 1 . In these limits, i. e., r
where
Note that the term ǫ carries all the correction terms due to the rotation of the black hole and mass of the scalar field. This small term is not arbitrary and can be calculated using (10) for given values of the parameters of the black hole and the scalar field. We will keep this term since it will be crucial in the forthcoming analysis. In order to obtain solutions of the equation (18), let us consider a new radial coordinate
which brings the radial equation into
In four dimensions n = 0, we have two horizons, and in the higher dimensions we can set the last term in the approximation and the inner horizon to zero. Nevertheless, in order to have an unified treatment we keep x − term in our expressions for higher dimensions as well. To bring the equation (21) into the form of an hypergeometric equation, we first define a new dimensionless variable
with the event horizon being at z = 0. Then the radial equation becomes
Finally, if we define the radial part of the wave function R in terms of a new function F (z) as follows
we see that the radial part of the Klein-Gordon equation (23) is equivalent to a hypergeometric differential equation given below:
where the constant parameters α, β and γ are given by
The most general solution of this equation in the neighbourhood of z = 0 is given by
where A and B are arbitrary integration constants and F (α, β, γ, z) ≡ 2 F 1 (α, β; γ; z) is an ordinary hypergeometric function [60] . By considering (26) , the general solution of the radial Klein-Gordon equation near the horizon can be written as
The first and second terms represent an ingoing and outgoing wave respectively at the horizon z = 0. Because we are working at classical level, there cannot be outgoing flux at the horizon. Therefore the second term of the solution should vanish, which requires B = 0 and the radial part of the solution near horizon becomes
Since we will match the near and the far region solutions at the intermediate region, we need the large r, i. e., z → 1 limit of this solution. We can use z → 1 − z transformation law [60] for the hypergeometric functions
Note that this formula does not work for c − a − b = ±k with k is an integer and for this case a transformation involving logarithmic terms is required [60] , which will make the matching with the far solution at intermediate regions impossible. For our case, however, since a = (1 + √ 1 + 4Λ)/2, b = (1 + √ 1 + 4Λ)/2 − 2iω and c = 1 − 2iω, we have c − a − b = − √ 1 + 4Λ. Since for any value of l,Λ is not an integer, contrary to the previous claim [39] , unlike static black holes, the above transformation holds for any value of l for rotating black holes. Thus, we do not end up with any logarithmic terms in the above transformation. We can also see this if we replace Λ = l(l + n + 1) + ǫ in above expression, we find that
The resulting expression can be an integer, if and only if,ǭ vanishes and l/(1 + n) is half integer. Here ǫ is the term denoting small corrections to the eigenvalues of angular equation due to the rotation of the black hole and mass of the scalar field given in (10, 19) . It is not an arbitrarily small parameter, its value can be calculated using (10) . In summary, unlike static black holes, we can use the transformation law (32) for any value of l, keeping in mind that there is always small correction terms to be added to the integer values l, making the relevant expressions close to an integer up to a small correction term. Thus using the above transformation, by using the property that F (a, b, c, 0) = 1, and considering that the Compton wavelength of the scalar field should be much smaller than the black hole horizon implyingm = 0, the large r limit of the near region solution can be expressed as follows
with
where we have also used the fact that 1 − z →
for r → ∞ to derive the above expressions. For clarity we discartedǭ terms in above expressions except for the terms which might have poles if ǫ vanishing. Actually, as we will see, the erroneous conclusion in [37] is not caused by the poles in the above equations but not taking these small corrections into the last step of the calculations.
E. Far Region Solution
For the far region r − r h ≫ r h , we can ignore the effects of the black hole by setting a = M = 0, then the radial equation reduces to [39] :
By
The regular solution of this equation, obeying the boundary condition at r = ∞ is given by
where C is an integration constant. The small r limit of this solution can be obtained by 1 z → 1 − z transformation of hypergeometric functions [60] , which yields
Note that this solution (43) is for pure AdS spacetime for r ∈ [0, ∞). The regularity of this solution at the origin requires the term r −l−n−1 to vanish, which can be possible only if one of the Γ functions at the denominators of C 1 to be equal to ∞. This yields a discrete (positive) spectrum [39] 
where N = 0, 1, 2, . . . is the radial overtone number. In the presence of the black hole horizon, it is natural to expect that the frequency of the waves has small (complex) modifications, compatible with the limits we have considered in the present analysis, as follows:
Replacing this into C 2 and considering the fact that Γ(−N − iδℓ/2) −1 = (−1) N +1 iδℓN !/2, we have
F. Instability
The near and far region solutions (35) and (43) can be matched at the intermediate region r h ≪ r − r h ≪ 1/ω, since the asymptotic forms of these solutions have the same powers of r. Considering the condition C 1 /A 1 = C 2 /A 2 = 1, the matching yields the following expression for the correction term of the frequency
This main result is, apart from notational differences and the fact that the superradiance factors are different, in agreement with the corresponding expression for the charged static AdS black holes in arbitrary dimension [39] .
Although one can make a numerical analysis to investigate the presence of instability using above expression, we can further expand the Gamma functions to prove it analytically. It turns out that, the last multiplicative factor in above expression is crucial to determine the real and imaginary parts of the correction to the frequency. Actually, we can use the expansion of the expression first presented by us in [26] as
Note that the imaginary part of above equation vanishes ifǭ = 0 and l/(1 + n) is half integer. This is the reason leading to the erroneous conclusion in [37] that in five dimensions, i.e. n = 1, modes corresponding to odd values of l do not trigger the instability. However, sinceǭ is not vanishing, the imaginary part of the above equation is also not vanishing, which corrects the erroneous conclusion. We can evaluate other gamma functions as given in [39] :
Using these formulas, we can express the correction term as a sum of its real and imaginary parts as follows
where the positive multiplicative factor σ has the expression
Thus the total frequency of the scalar field becomes
where ω N is given in (46) . The real and imaginary parts of the frequency, hence becomes
The results presented above confirms that, irrespective of the value of l, the rotating AdS black holes always suffers from superradiance instability whenever the frequency of the scalar field satisfies the superradiance conditionω < 0 which means ω − mΩ h < 0, since we have
Thus, the imaginary part of the frequency is always positive under this condition, resulting an exponential growth of the field. The time scale of this exponential growth is inversely proportional to the imaginary part of the frequency, i. e., τ ∼ 1/Im[ω]. This fact allows us to obtain a relation between the AdS radius of the space time and the instability time scale as
Hence Im[ω] decreases and τ increases with increasing n for fixed AdS radius. This implies that as D → ∞, τ → ∞ and the instability becomes ineffective in the large D limit. The onset of the instability is determined by Re[ω] = mΩ h . Since the real part of the frequency is inversely proportional to the AdS radius,there is a critical value of ℓ 0 such that a superradiant wave starts becoming nonsuperradiant. This particular value is ℓ 0 = mΩ h /ω N .
If we compare our results with black hole bomb mechanism of Myers-Perry black holes [18, 25] , which is re-derived in Appendix for a comparison, we see that there is a perfect agreement with the corresponding expressions of real and imaginary parts of the frequency correction terms (56, 57) and (110,111) and the time scale of the instability (59) and (112).
Note that, although the above results will not change, some of the gamma functions in the above expressions can be further expanded when the term l/(1 + n) is integer or half integer. Since we have taken care of the possible poles in the gamma functions, we do not have to consider small correction terms to the l below.
The case l 1+n
= k where k is an integer For this case, it is possible to further expand the general equation since some of the gamma functions can be easily expanded and also we have the following relation:
The resulting expression for the frequency is
It is clear that the imaginary part of the frequency becomes negative under superradiance, implying the superradiance instability for small rotating AdS black holes. This results and the correction terms are in accordance with the previous works [24, 34, 39] . The real correction term is very small compared to ω N and thus can be ignored.
The case
where k is an integer For this case we have
and also
Using these expressions and expanding the trivial gamma functions, we have
This result shows that, when l 1+n is an half integer, which can only be possible when spacetime dimensions is odd, there is a superradiance instability when the wave satisfies superradiance condition, because the imaginary part of the frequency becomes positive. This result analytically corrects the erroneous claim in [37] that for rotating AdS black holes in five dimensions there is no instability for even values of l. Hence, the above expressions for D = 5(n = 1) are actually give the imaginary part of the frequency in which erroneously claimed to be vanishing in [37] . This claim was actually corrected in [39] for charged static AdS black holes using only a numerical method, since the analytical method fails for those values of l for static black holes. Thus, our work completes the picture by showing analytically that the instability exists for rotating AdS black holes with the help of the fact that the analytical methods is valid for any value that l for rotating black holes. Note that the real correction term to ω is several order of magnitude smaller than ω N and can be ignored.
III. CONCLUSION
In this paper we have investigated the superradiance instability of a scalar field for singly rotating small AdS black holes in arbitrary dimensions analytically. This instability is originated from the existence of the superradiance mechanism of black holes together with the reflective boundary conditions of the asymptotic infinity of the AdS spacetime. As a consequence of this behaviour, the boundary of the AdS spacetime behaves like an infinite potential barrier, localizing the scalar field near horizon leading to an instability. The end point of this instability is expected such that we have a rotating hairy black hole having less energy and angular momentum, living in an AdS space time whose boundary rotating with the speed of light. Thus, the next direction on this research topic might be to explore the existence and the properties of these scalar hairy AdS black holes.
We have analytically shown that for rotating small AdS black holes perturbed by a scalar field satisfying the superradiance condition, there is always superradiant instability, irrespective of the value of spacetime dimensions D ≥ 4 and the value of orbital number l > 0. Our result generalizes the superradiance instability of a scalar field for rotating AdS black holes to arbitrary dimensions. Actually, in the pioneering work [34] proving the instability of four dimensional small rotating AdS black holes under scalar perturbations, it was claimed that such instability must be present for higher dimensions as well. However, an analytical analysis for rotating small AdS black holes has not been presented, except for D = 5. For charged black static AdS holes, the instability is proved for generic dimensions [39] together with the observation that, unlike for the rotating AdS black holes as we have showed in our work here, the analytical method fails for certain values of the orbital quantum number. The time scale of the instability is proportional to a power of the radius of the AdS spacetime increasing with space time dimensions, similar to the case of black hole bomb mechanism. These results are in accordance with the instability of rotating black holes surrounded by a hypothetical reflective mirror in the black hole bomb mechanism, in which we have reviewed at the Appendix. We have also recovered in the Appendix the previous results that the bosonic and fermionic thermal factors for a scalar field absorption naturally arise for rotating black holes for D = 5.
In order to compare the results we have found for rotating AdS black holes in D dimensions with the rotating black holes in black hole bomb formalism, here we review the black hole bomb mechanism for D dimensional rotating Myers-Perry Black holes, which were studied before in four [18] and generic dimensions [25] and shown to suffer from superradiance instability. Since the existence of the notational differences and the real and imaginary parts of the frequency correction terms are not calculated explicitly in [25] , here we have preferred to derive all the relevant expressions in detail. Hence here there is no new results except the explicit expressions of frequency correction terms, and the relations of decay rates with bosonic and fermionic thermal factors. This part is partially based on [26] with some corrections. We consider D = 4 + n dimensional Myers-Perry black hole with mass M and a single rotation parameter a given by the metric
where the metric functions are given by
and here again dΩ 2 n is the standard metric of the n-sphere. This black hole has physical mass µ and angular momentum J which can be found by setting Ξ = 1 in (4) for the same parameters for AdS black holes. The event horizon of the black hole is located on the largest real root of ∆ = 0 given by
In four and five dimensions the existence of the horizon sets an upper bound (extremal limit) on the rotation parameter a (a ≤ M for D = 4 and and a ≤ M 1/2 for D = 5). In these limits in four dimensions there are two horizons r ± where they are called as the outer and the inner horizons. In dimensions greater than four, however, there is always one horizon (r = r h ) and they can have an arbitrarily high rotation parameter a if D > 5. They are called ultra spinning black holes and they have a regular horizon and arbitrarily large angular momentum per unit mass. These ultra spinning black holes are known to suffer from several instabilities [61, 62] . In this work we consider slow rotation regime, in which the ultraspinning instability is not present.
The temperature of this black hole is given by [63] T h = 1 4π
where the last expression is valid in the slow rotation limit a ≪ 1.
B. Klein-Gordon Equation
Here we calculate massless (m = 0) Klein-Gordon equation for a scalar field Φ given by
If we use the standard separation ansatz
we see that the Klein-Gordon equation is separated into angular and radial equations given by
where λ jlm is given byλ
As in the AdS case, the terms j(j + n − 1) are eigenvalues of the spheroidal equation for Y of the n-sphere [56] where j is an integer. For this case the angular equation (73) has the form discussed in [59] and in the slow rotation limit we can expand the eigenvalues in a Taylor series of the form (10), and its first several values are explicitly calculated in [59] . We can also express the radial equation in a Schroedinger like form
where transformation equations and the potential term are given in (11, 12, 14) by setting Ξ = 1, and replacing ∆ r with ∆ given in (68) . Near the horizon, the behaviour of the scalar field is the same with AdS case (15), i. e., V (r → ∞) ∼ (ω − mΩ h ) 2 with asymptotic behaviour of the field R(r → r) ∼ e −iωt−i(ω−mΩ h )r * , where the angular velocity of the horizon for this case is given by
The asymptotic form of the radial function at radial infinity is different from the AdS case, since, for r → ∞ the potential becomes V (r → ∞) = ω 2 , which yields the solution to be of the form R ∼ e ±iωr * . It is easy to verify that when the well known conditionω
is satisfied the waves reflected back from the black hole with increased energy and the phenomena called the superradiance occurs. The question is whether it is possible to localize waves satisfying this condition near the horizon to lead to an instability on the black hole. One of the methods for localizing these waves is considering an artificial reflecting mirror surrounding the black hole, i. e., black hole bomb mechanism, in which the waves are continuously scattered between the black hole horizon and the mirror. Since we want to compare the results we have found in the previous section for rotating AdS black holes and instability of rotating black holes surrounded by a reflecting mirror found before in four dimensional case [18] , and for generic dimensions in [25] , here investigate the stability of Myers-Perry black holes under black hole bomb mechanism. To use asymptotic matching technique, we will need the near and far region solutions of Klein-Gordon equation.
C. Near-Region and Far Region solutions
Since near the horizon the Myers-Perry and rotating AdS black holes, in the slow rotation low frequency limit, have similar properties, the Klein-Gordon equation near horizon has the same form (18) . Thus, following similar steps, the near horizon solution and its far region extension also have the same forms given in (31) and (35) . The difference will be at the far region solution in which we will now solve in detail.
In the far region, r − r + ≫ M , since the effects of the black hole can be neglected we have a ∼ 0, M ∼ 0, ∆ ∼ r 2 . Therefore, the radial equation is reduced to
The general solution of this differential equation can be expressed in the form of a linear combination of Bessel functions of the first and the second kind J and Y as
or equivalently in terms of Hankel functions
by considering the identities relating Bessel functions to Hankel functions [60] . Here, the relations between the integration constants of both forms of the solutions are given by
We will need the near region limit and the limit at the asymptotic infinity of the far region solution for the forthcoming calculations. In order to match this far region solution with the near region solution at intermediate regions, we will need the small r behaviour of far region solution, which can be easily found from (81) by using the asymptotic forms of the Bessel functions at small values [60] . Then, the small r limit of the far region solution becomes
We will also need r → ∞ behaviour of the far region solution, which can be easily derived by considering (82) form of the solution with the asymptotic behaviour of Hankel functions for large values of their arguments as given in [60] . Then the asymptotic form of the far region solution becomes
D. Matching Near And Far Region Solutions
The matching of the near region and far region solutions requires the powers of r of the distinct parts to solutions to be the same for both solutions. When M ≪ r − r + ≪ 1 ω , the near region solution (35) as r → ∞ and the far region solution (84) as r → 0 overlap and this matching yields
and
E. Scalar Field Absorption and Decay Rates
Let us calculate here the absorption cross sections and decay rates of a massless scalar field from a rotating black hole with single spin. Note that these were investigated before especially in the context of brane world picture in [64] . which has solutions ω 0 r 0 = j l+ 
with j l+ n+1 2 ,N are the roots of the equation (103). Their values can be found in [60] or can be obtained by using an analytical computer programme. In this approximation, the frequency of the scalar field becomes
Using Taylor expansion, in these approximations we have J l+ 
is positive. Using the expansion of gamma functions (50) first given by us in [26] and the expansion(52) given in [39] , δ becomesδ = −K sinh (2πω) − i tan (l +ǭ)π 1 + n cosh (2πω) ,
Thus the perturbation termδ, hence the frequency of scalar field, has both real and imaginary parts. In the general case, i.e., if none of these terms do not vanish, if the frequency of the scalar field satisfies the superradiance condition, and if the imaginary part is positive, both an instability and frequency shifts occur for a black hole surrounded by a reflective mirror. This is in accordance with the previous work [25] . Since the frequency is given by ω = ω 0 + iδ the real and imaginary part of the frequency is 
The vanishing of the imaginary part (111) implies that the scalar field do not show an instability and perturbation is oscillating with time. As it is obvious, this is not the case and instability is always present if the superradiance condition is satisfied. Note that one can expand the γ functions in (108) for some special cases of l/(1 + n) as in the AdS case, without altering the conclusions holding in the general case. 
This implies that in the large D limit, the instability becomes ineffective. The real part of the frequency of the waves are inversely proportional to the mirror radius ω ∼ 1/r 0 , implying a minimum mirror radius to instability to take place. The endpoint of the instability is when the system reaches the critical frequency condition ω c = mΩ h , resulting a black hole with smaller energy and angular momentum.
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